Introduction
Hall thrusters are propulsion devices that are used on spacecrafts for maneuvering and orbit control purposes. They provide significantly higher specific impulse in comparison with chemical propulsion systems. Therefore, by using a Hall thruster, the amount of required propellant mass for a space mission can be reduced. This advantage has been the reason for the significant demand for such thrusters over the last 40 years. The first satellite equipped with a Hall thruster, "Meteor", was put into orbit in 1971 and since then more than 200 Hall thrusters have been operating in space [1] .
A Hall thruster consists of an annular channel with an interior anode at its base and an external cathode near the channel exit. Propellant gas (usually xenon) is injected into the channel from the anode surface.
Electrons supplied by the cathode ionize the propellant through collisions. A magnetic circuit creates a radial magnetic field across the channel, which prevents electrons from moving directly to the anode. The electrons with reduced mobility due to the transverse magnetic field spiral along the field lines, drifting in the E × B direction and creating an azimuthal Hall current. This permits the applied discharge voltage to be distributed along the channel axis in the quasi-neutral plasma. Therefore, an axial electric field is established between the anode at the channel base and the cathode [2, 3] . The ionized propellant is then accelerated by the electric field and reaches very high exhaust velocities ( ∼ 16, 000 m/s) at the channel exit, resulting in the generation of thrust.
Numerical models of Hall thrusters have been evolving during the past 20 years. These models give an insight into the physical processes within the discharge channel, predict the performance of thrusters, and * Correspondence: rafatov@metu.edu.tr This work is licensed under a Creative Commons Attribution 4.0 International License.
determine parameters such as thrust and specific impulse. In recent years, fluid [4, 5] , fully kinetic [6] , and hybrid [7] [8] [9] methods have been developed for both 1D and 2D analyses of Hall thrusters. In kinetic models, for each plasma species particle motion is described by the velocity distribution function obtained from the solution of the Boltzmann equation. Although kinetic modeling is advantageous in providing detailed information about the physics of plasma processes, it is not practical due to the very long computation time required. Fluid models include continuity, momentum, and energy equations that are derived by taking moments of the Boltzmann equation in velocity space. Therefore, plasma properties of interest in fluid models are macroscopic quantities. Although these models are computationally more efficient, they do not represent all the physical aspects adequately. Hybrid modeling, where electrons are modeled as fluid while neutrals and ions are treated as particles, is a compromise between the approaches mentioned above.
Pioneering contribution to the design and implementation as well as theoretical analysis of Hall-effect thrusters (which are usually called stationary plasma thrusters in the Russian literature) was done by Morozov (see, e.g., [2, [10] [11] [12] ). Numerical study of axial distributions of plasma properties in the discharge channel of a Hall-effect thruster in [11, 12] revealed the existence of different steady and unsteady operating regimes, which were found to be in reasonably good agreement with experimental results.
In the present work, numerical codes based on fluid and hybrid models are developed for stationary and transient 1D analysis of a Hall-effect thruster. In order to test and verify the validity of the numerical codes, we mainly followed the approach proposed in [10] [11] [12] . Details of the models are introduced in Section 2. The results and discussions are presented in Section 3. Finally, Section 4 contains the conclusions.
Model
The model is one-dimensional so that plasma variables are uniform in the radial and the azimuthal directions but change in the axial x direction along the discharge channel. The computational domain is bounded by the anode surface at x = 0 and the channel exit at x = L, where the cathode is placed.
Xenon is used as the propellant. Three species are considered in the model: Xe atoms, Xe + ions, and electrons. Although Xe +2 ions may also exist inside the channel, they are neglected in this model. Ions are insensitive to the magnetic field since their Larmor radius is much greater than the channel dimensions [3] and they leave the discharge channel without collisions [9] .
Xe atoms are injected into the discharge channel with a given velocity V a . Since no force is acting on them, they move with this constant velocity along the channel [9] . Therefore, the momentum equation for neutral atoms is eliminated.
The plasma is assumed to be quasi-neutral. Thus, everywhere along the discharge channel, ion and electron number densities are assumed to be equal, n i ≈ n e . As a result, the axial electric field is not obtained from Poisson's equation but is calculated using Ohm's law.
In Hall thrusters, the magnetic field induced by the motion of charged particles is small compared to the externally applied magnetic field. Therefore, the magnetic field is assumed to be static and approximated analytically.
Fluid approach
We developed the model essentially as in [10, 11] . The governing equations are the ion continuity and momentum equations and the neutral atom continuity equation: ∂n ∂t
Here M is the mass of Xe atoms. The source term of the ion continuity equation (Eq. (2.1)) represents the ion generation with rate β . The second term on the right-hand side of Eq. (2.2) represents the momentum contribution by the ionized atoms having a velocity V a before ionization. As mentioned above, the neutral atom velocity, V a , is constant throughout the channel. The source term of the continuity equation for neutral
Xe atoms represents the neutral atom depletion due to ionization. The electric field is determined from Ohm's law:
where J i = enV , σ is plasma conductivity defined as a function of the magnetic field,
where the profile of the transverse magnetic field is described as
, where
, which is consistent with the actual magnetic field profiles in the stationary plasma thrusters [10, 11] .
The set of equations becomes complete with the equation for the electric circuit:
where U 0 is the discharge voltage, L c is the inductance, and R is the resistance.
The boundary conditions are imposed at the anode surface of the computational domain:
Hybrid method approach
In the hybrid method, ions are treated using the kinetic approach; the ion distribution function f ( 
The right-hand side of Eq. (2.7) represents the ion production. δ denotes the Dirac delta function: it is assumed that the newly generated ions are introduced with a velocity equal to the neutral atoms velocity V a [9] .
The system, as well as in the case of a fluid model, is completed with Ohm's law (2.4) and the equation of the electric circuit (2.5).
The macroscopic quantities such as the ion number density n in Eqs. (2.7) and (2.8) and the ion flux J i in Eq. (2.4) are derived using the ion distribution function f (x, V, t) :
The boundary conditions imposed at the anode surface, x = 0 , are
where [10, 12] . At the channel exit, x = L, we set
The magnetic field and the plasma conduction are defined in the same way as in the fluid model. However, the ionization rate is now expressed as a function of the electron temperature: β = β 0 (T /T − 1) when T ≥T , and β = 0 otherwise [10] . The electron heat conduction coefficient is approximated as κ e = κ 0 T /B , the electron temperature at the channel exit T 0 = 20 eV, the ion production cost α = 40 eV, β 0 = 2. 
Results and discussion
We consider a practically important range of Hall-effect thruster parameters, such that the inputs to the numerical code are the xenon flow rate,ṁ , within the range 2. Then, for a channel cross-sectional area of A = 25 cm 2 , the neutral atom number density is calculated from n a0 =ṁ/M AV a as n a0 = 3 × 10 19 m −3 [9] . The value of the channel resistivity is estimated as R = 0.008 m 2 , such that it leads to a stationary solution with a total discharge current of J = 3 A under U 0 = 300 V and thus ensures a good agreement with the experiment [10, 12] .
In order to simplify the analysis, both the fluid and hybrid models were nondimensionalized by rescaling all parameters and fields in Eqs. (2.1)-(2.6) and (2.7)-(2.12) so that the dimensionless forms of these models were subjected to numerical analysis.
Fluid model: stationary solutions
First we studied the stationary operating regime. The stationary solutions were obtained from the system of ordinary differential equations (ODEs), which were derived from Eqs. (2.1)-(2.3) and (2.5) by canceling time derivatives. The solution procedure was iterative. Starting from some estimation for current J , spatial profiles of plasma parameters and electric field were found from solution of the system of ODEs describing the stationary model. Then, using this solution, the value of the current J was updated from the circuit equation. This procedure was repeated until a convergent solution was obtained. We applied the Runge-Kutta method for ODEs on a uniform computational grid. Figure 1 shows the axial profiles of the main thruster parameters. These profiles are obtained for different discharge voltages, U 0 = 300 − 500 V, while the propellant flow rate is held constant,ṁ = 3.25 mg/s. At x/L ≈ 0.2 , the ion number density reaches its maximum, which is (7.5 − 9) n 0 for the given range of input discharge voltages. At x/L = 0.25 , neutral atoms are depleted and the propellant gas is almost fully ionized.
Then the flow accelerates to a velocity of about (10 − 12) V 0 at the channel exit. The electric field and the ion velocity profiles shift upwards with the increasing discharge voltage. The neutral atom density profile remains almost the same at different discharge voltages. The profiles plotted in Figure 1 agree well with results in [10, 11] , where velocity at exit is 10 V 0 and maximum of the ion density is 8 n 0 for U 0 = 400 V andṁ = 3 mg/s.
As almost all the neutral atoms become ionized towards the channel exit, only ions contribute to the thrust, which can be expressed as
The efficiency η of the thruster is defined as the ratio of jet power to the input power, η = P jet /P in [3] .
The jet power is P jet = T 2 /2ṁ. Since most of the power goes into the discharge, the discharge power P d = JU 0 must be approximately equal to the input power [4] , so that the efficiency becomes
Calculations showed that for the discharge voltages U 0 from 300 to 500 V the discharge current J varies almost linearly from 3.00 to 3.25 A; the thrust increases from 66 to 87 mN with voltage from this range, but this cannot compensate the high discharge power input, which results in a decrease in thruster efficiency from 0.745 to 0.695.
Fluid model: transient solution and oscillation regimes
The stability of the steady solutions is studied by employing them as initial conditions for the time-dependent equations. Time evolutions of plasma parameters are calculated by using the first-order upwind scheme on the same uniform grid used in the stationary solution. Time step ∆t is determined according to the CourantFriedrichs-Lewy (CFL) condition ( ∆t = C ∆x/max(V ) where C < 1 ) and updated at each time iteration as max(V ) changes with time.
The steady solution for U 0 = 300 V is found to be unstable. Moreover, oscillations of the discharge current J(t) (Figure 2a) , the ion number density n(x = L) at the channel exit (Figure 2b) , and the channel voltage U (t) (= ∫ Edx ) (Figure 2c ) are aperiodic as seen in the upper panels of Figure 2 .
In [10, 11] , the behavior of the transient solution in the fluid model was studied dependent on the dimensionless parameter χ , which controlled the magnitude of the ion current through the discharge channel.
(Solutions demonstrated in the upper panels of Figure 2 correspond to χ = 255 .) It was observed that for sufficiently small values of χ stationary solutions were stable. With increase in χ periodic solutions emerged.
If χ was increased further, the solution described unsteady aperiodic oscillations of the plasma parameters. In fact, in the latter case the discharge voltages fell into the range of practical interest, U 0 = 200 − 600 V.
In the present study, in order to reveal the effect of the parameter χ as mentioned in [10, 11] , the discharge voltage was increased to sufficiently large values even though these voltages are not realistic for the operation conditions of Hall thrusters. Middle and lower panels of Figure 2 present the evolutionary behavior of J(t) , n(x = L, t) , and U (t) for χ values of 38 and 16, which correspond to discharge voltages of 2000 and 4800 V, respectively, in the case of channel resistivity R ≈ 0.008 m 2 . Oscillations are periodic in the first case and damped in the second, confirming the prediction in [11] that solutions become stable with sufficiently small χ .
Destabilization of the stable stationary state that evolves into a periodic oscillatory state, as parameter χ goes through certain critical values, in dynamical terms, is classified as Hopf bifurcation. Solution profiles illustrating this transition correspond to the 3rd (panels g, h, i) and 2nd (panels d, e, f) rows in Figure 2 .
The regime depicted in the 1st row (panels a, b, c) in Figure 2 , which appears to be highly sensitive to small changes in initial conditions, is evidently in fully chaotic state. It is interesting to note that the typical route to temporal chaos that has been observed in many gas discharge systems (see, e.g., [13] [14] [15] [16] ) consists of a period doubling bifurcation cascade. Therefore, it is reasonable to expect existence of oscillatory states corresponding to the discharge voltage U 0 between 2000 and 4800 V, oscillating with periods equal to even integer multiples of that at U 0 = 2000 V. 
Hybrid model: stationary solutions
In the hybrid modeling, the time-independent form of the Vlasov equation (Eq. (2.7)) is solved using the firstorder upwind method, proceeding step by step along the discharge channel axis in the direction from the channel base to its exit. The computational grid is now two-dimensional. Since the electric field grows sharply towards the channel exit, the uniform grid previously used in the x -direction does not yield a sufficiently accurate solution. Instead, a nonuniform grid is used with decreasing step sizes towards the channel exit determined according to the CFL condition, which in dimensional form becomes ∆x = C(M /e)∆V /max(E/V ) with C < 1 .
As in the fluid model, stationary current value J is found iteratively, using a relaxation in order to increase stability of the iteration procedure. Figure 3 shows the axial profiles of the main plasma parameters in the discharge channel of the thruster. When the results of the fluid and the hybrid models are compared, it is seen that the electric field and mean ion velocity profiles are nearly the same. The ion mean velocity reaches ≈ 10V 0 at the channel exit. On the other hand, the ionization takes place closer to the anode in the hybrid model. The atoms are depleted before x/L ≈ 0.2 . The electron temperature varies only slightly. The temperatures near the anode surface are found higher than expected. As a consequence, near the channel base the ionization rate parameter is higher in the hybrid model than in the fluid model. Therefore, the ionization region shifts slightly to the left. The electron velocity increases near the anode and reaches ≈ 10V 0 . Figure 4 shows the evolution of the axial profiles of the ion number density and the ion velocity with time. Contrary to the stationary solutions, the profile of the transient solution is not monotonic but has some peaks and troughs. As can be seen, peaks and troughs of the ion number density profile correspond to troughs and peaks of the ion mean velocity profile. The peaks appear at the right side of the ionization region. At the instant as the peak's amplitude reaches the maximum, the profile begins to propagate along the channel to the right (to the channel exit), conserving its shape while its amplitude decreases. As an ion density peak approaches the channel exit, a new one appears at the ionization region and the same process repeats over and over again. Figure 5 demonstrates the time-dependent behavior of the discharge current J(t), the channel voltage U (t), and the ion number density at the channel exit n(x = L) , for the input parametersṁ = 3.25 mg/s and U 0 = 300 V. Despite the irregular oscillations of these variables for the same input parameters in the fluid model, the hybrid model yields periodic oscillations with the main period τ = 50 µs. This is due to the fact that transitions from stable to periodic and from periodic to aperiodic regimes occur at lower discharge voltages in the hybrid model than in the fluid model. Therefore, while a discharge voltage value of practical interest commonly used on thrusters such as 300 V falls into the chaotic regime in the fluid model, it remains within the periodic regime in the hybrid model. Thus, the hybrid model turns out to be more stable than the fluid model.
Hybrid model: transient solutions
The oscillation frequency calculated as 20 kHz for U 0 = 300 V agrees with the results in [9] 
Conclusion
One-dimensional fluid and hybrid fluid-kinetic numerical codes for a Hall-effect thruster were developed and applied to the analysis of distributions of plasma properties in the acceleration channel of the thruster.
Stationary and evolutionary regimes were investigated. Thrust and efficiency of the thruster for different input parameters were estimated.
First, stationary solutions for the plasma parameters in the discharge channel of the thruster were obtained. Then time-dependent evolution of these parameters were studied as perturbations from the corresponding steady states.
The results of the fluid and hybrid models were compared. The stationary profiles corresponding to these models were found to be close to one another.
Within the time-dependent solution, different operating regimes (damped, periodic, and aperiodic irregular oscillations about the stationary state) are revealed depending on the discharge voltage. The hybrid model turns out to be more stable than the fluid model. Although the models are based on many approximations, they reproduce qualitatively the basic features of the thruster. The results corresponding to the stationary regimes are in good agreement with the reference models [2, [9] [10] [11] [12] . A quantitative discrepancy that can be observed in unsteady solutions may be explained by differences in the parameter regimes studied and the initial conditions. It should also be noted that particularly in the case of the aperiodic irregular (chaotic) oscillatory regime, the solution becomes highly sensitive to small changes in initial conditions. In this case, given the model, under exactly the same conditions, even differences in numerical implementation will lead to completely different solutions. The overall accuracy of the model can be improved, for instance, by formulating the problem in two space dimensions and by taking the plasma wall interactions into account.
